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ABSTRACT 


A class scheduling problem is formulated as a@ graph 
eOloring problem. A computer program based on an 
algorithm recently developed by Welsh and Powell, Computer 
Journal, Vol. 10, May 1967, pp. 85-86, is used to obtain a 
solution to the colbering prooltem. While the program fails 
to provide an acceptable schedule in this application, the 
results indicate that improvements in the coloring algorithm 


may yield acceptable schedules, 
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hm 6Lllntreducrion, 

The=preeeeure vorescheduline classes varLesewith each 
academic institution, In most instances schools announce 
beforehand a list of courses and times they are To be 
offered, In this case students schedule themselves to 
courses Which do not conflict, A different scheduling 
woolen -ocecura ta tie Case Where Svucgents “are required to 
take upredetermined courses. Here the problem is to 
schedule the courses so that students have no conflicts, 
The problem of scheduling classes at the Naval Postgraduate 
penool, Monterey e@aihifornia, Pabls»in this cabegoryy “it 
is this problem which is investigated here, 

The digital computer has been used as an aid in 
scheduling berores. Appleby, Blake, and Newman [ 1] attempt 
GO produce school time-tables using a genéral-purptse 
digital computer. Their suggested methods of approach 
inc Lorre | 

(1) a random trial solution updated to eliminate 
cOmimMcTS, 

(2) aecrngivot allveombiinardons possib lesmntiimone 
Withe@mo e@enflicts is found, 

(3) a random buildup of entries into a schedule, 
aaGsens entries Only when conflicts do not occur, modifying 
previous entries to make new entries possible, and 

(4) a heuristic approach. 
rhe importance of knowing whether or not a solution does 


exist is stressed, The last of three successively more 


complex programs is estimated to speed up scheduling by a 
factor of 200 to 400 over the hand operation, 

Csima and Gottlieb [6] describe a time-table construc- 
tion technique which uses matrices of zeroes and ones to 
produce results in the limited situations attempted, In 
real situations where preassignments or special constraints 
appear, further progress must be made, It is also hoped 
that with refinements in the program the computer execution 
tame cam be neduced. 

A method of determining examination time-tables has 
been described by Cole [5]. Citing Sherman's [9] pessimism 
in finding a schedule for a large school, he emphasizes 
producing an acceptable solution for as many courses as 
possible with reasonable computer time. Dependent on the 
imposed constraints, the execution time on the small-store 
computer was estimated to be several hours if all of 340 
courses were considered, 

Another method using GASP, Generalized Academic 
Simulation Program, a program written at M.1.T.(7], 
approaches the problem by assigning students to a previously 
determined course schedule. 

this paper will treat the scheduling problem by 
assigning days and hours to courses, so that the 
constraints imposed by the students as well as instructors 


are satisfied. 





At the Naval Postgraduate School there are aspects To 
the problem which make it different from most institutions. 
These aspects are treated as restrictions to the basic 
scheduling problem and will have an effect on its solution. 
For instance, the government allots a given length of time 
fo students to follow @ prescribed curriculum of study. 
Since certain courses are taught in sequence, students 
are required to take certain courses at certain times, 

The students' schedule thus loses some flexibility. 
Another aspect to be considered is the fact that all naval 
aviators must be scheduled either a complete morning or 
afternoon for weekly aircraft flights, Other restrictions 
include days off for instructor research and allowances 
made for faculty and staff education at the school itself, 

A graph theoretic approach, which makes use of the 
computer for the necessary calculations, is used to attempt 
the solwutioneto the sehedulwung problem A graph=theeretitc 
model of the scheduling problem is constructed. The 
problem of scheduling courses without conflicts is shown to 
bexequivaient tO. a grephweoloring pmeeblem,. A digital 
computer program is produced to solve the coloring problem, 

section 2 of this paper defines the problem investi- 
eaueds, Frelivinery def imations aga verminology are first 
presemvced in graph theoretic terits. The graph theoretic 
model is then constructed with these tools. In section 
3¥8n algorithm for graph celloring iW analyzed. This 


ape rivhniepheneis uUsedy to construcet™a coloring program. 


The results of this program are displayed in Table l. 
Observations and conclusions based on these results are 
found in Section 4. The Appendix contains both general 
and detailed flowcharts, which explain the coloring 


program used, 


1G, 


2, Deri niteorrroret he Prepiren . 

A. Preliminary Definitions, 

We Wich CO @onste@er the basie problem of semeduling 
from Aaepreaonerheoretice standpoint. But first we need» the 
following basic definitions taken from Berge [3], Chapters 
1 eames, 

Definition 1, Given the sets X and Y. A function V) 
Tees Oe Lorry mis ml prewealuee if to edeh se" there 
is a well defined subset V'x€y. Note: V’x may be the 
Huta Seu. 

Detain? komen Vx is Saidevosberthemset -of~ folbowermemer 
Me, 

Definition 3. A pair denoted by G=(X,V’) is said to be a 
eraoh Whenever 

( ae semaeeseiin, 
and (2) Y’is a multi-valued function mapping X into X. 
It is customary to"™represecnt™rvne clements of the sev Xeas 
porLrnvs fares lane, 

Definition 4, If G=(x,V¥") is a graph and xéX, then x is 
comcenme De a polntl, Ververm, or mode of Lhe graph G. 
Definition 5. If x€X and y€ X such that yeV x, the 
ordered pair (x,y) is said to be an arc of the graph G. 
Arcs of a graph are usually represented by an arrow from 
UVic Hitg@eametO the second element of the ordiered pair. 

iy case tne order in which the vertices appear in the 
ordered pair (x,y) has no significance, we denote the pair 
by xe = bane e Puch an wUnOrdekcde pair is called an vege 


Crete setae G. 
11 


An edge of the graph is usually represented by a 
curve joining two vertices. 
Dominion Gy olf G=(X,/"') is a graph and u={f9] rye Vx 
fOr wanlT x} the set of edges of G, then an alternate 
notation for the graph is the pair (X,U). Since this 
graph contains only undirected edges, it is sometemee 
referred to as an undirected graph. 

Associated with every graph is a matrix. We shall 
define it as follows: 


Demintetene7. Giec=(X,U) is acgraph, then A=( is 


a5 5) 


called the maunmix associated with Gaf.a,. equgde Jake 


ij 


number of edges from node Xs to node oe 

Note: A is a square symmetric matrix. 

Definition 8. Given the graph (X,U), where x€ X and 

yéX, x#y, x and y are said to be adjacent if [xy}= 

i xheu, 

Definition 9. If G=(X,U) is a graph and if x€X, the 


number of edges having an endpoint at x is said to be 


the georec ef ~xX 


Ihe 


Be Defitetion of themSeheduling Problem. 
Dei iaday  OnMmEe enw SecllOnems sa group of students all of 
whom take the Same courses. 
Sections are used to simplify the scheduling problem, 
Determining a single section schedule is easier than 
timeline a S@parate schedule for each indaividuals® 

Denote sections as Ss i=1,..-5,n); courses as oe 
J=l,.++5Np; and professors as Py» aaa aes 50 Wie Shall 
consider the set x-fe, $Ufe,$ U {ox} as a set of nodes for 
a graph. We shall also consider the sets of all pairs 
1, 4[84.0))3 section S. must take course cy and Ua={[fe,; 
PJ: ingesucear DL is assigned to teach course cif 
Define U=U,U U. We see that U with the set X defines 
the graph (X,U). 
Definition 11. The grapn G=(X,U) described above is 
called the data graph. 


We shall consider an example with the following 


Condi tiseme:: 

(1) Section s, is required to take courses ¢,,¢o, 
eWolel (Gr. 

3 


(2) Section S, is required to take courses C2 and 
SiG 

(3) Instructor p, is assigned to teach courses 
Cy and Ca. 


(4) Instructor Py ls assigned to teach courses 


Cr and Cye 


13 


Then as defined above, X= {155240 sp 10370490) Po fand 


v-{, ey]. cee [s1.¢3],[85.¢y J, [s3.¢], [Pied 


[P1-¢3)- Perce) Po cu]f. The data graph G=(X,U) is 


illustrated as follows in Figure l. 


>) F 
52 B 


C4 


Fig. 1. Example Data Graph 

Definition 12. Given the data graph G=(X,U) described 
above, a conflict is said to occur between classes C; 
and Te ite ole 

ieee () ) [s,5¢,] EU and [s..¢ JEU for some k, 
Cie ee (2 ) [e, Pp ,Jeu and [ce »PyJ€ v for some l. 
This is the same as saying these classes Cy and C. 
cannot be scheduled simultaneously because: 

(1) the same section Ss, must take both classes and 
could not be present at two places simultaneously, or 

(2) the same instructor p, must teach both classes 


and could not do so simultaneously. 


14 


el ets 
as 


We consider now the concept of a conflict graph 
deduced from the data graph. 
Definition 13. Given the data graph (X,U), a new graph 
(C,U') is called a conflict graph if Cafe, 104 is a node 
corresponding to class Cs for all if and u'=ffeq oj): 
classes Cy and oe have a conflict f. Note: Cs cannot have 
a conflict with itself; therefore, for all i, era sue 

The associated matrix with the conflict graph we 
shiall callwphemceonhlict. anatrineeeibewcon® lactgmatr im 
M=(m, ,); i,j=l,...,;N5, is such that 

eee | Oe C5 and Cy Davncmmiencontjlieioe 


1J 


dugg C5 and c, have a conflict. 


J 


If we consider the same example as before, we can 


display the conflict graph in Figure 2 below, 


Fig. 2. Example Conflict Graph 


The conflict matrix in this case is M=-/Q//O 


{Ost 
//O/ 
O/1/0 
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Coloring a graph is a process of assigning colors to 
each node, 

Definition 14. Given an integer p, a graph G is said to 
be p-chromatic, if the nodes can be colored with p 
distinct colors so that no two adjacent nodes are assigned 
the same color. 

Definition 15. The smaitest number p for which gmeaph 

is p-chromatic is called the chromatic number of the 

graph G and is written k(G). 

Given a group of classes with arbitrary conflicts 
among them, we solve the problem of scheduling by 
assigning time periods to these classes. Where a 
conflict arises between two classes we require that they 
be assigned different time periods. On the other hand, 
if we consider these classes as nodes of a graph and 
their conflicts as edges, the problem of coloring the 
nodes of this graph is seen to be equivalent to the 
above assignment of time periods. 

The problem posed here is not necessarily one of 
devermining the chrématic number of a comflict ¢grapn. 

Our problem is to find a suitable coloring of the conflict 
graph, which is consistent with imposed restrictions 
which are now discussed. 

The Naval Postgraduate School uses the quarter system 

for teaching courses. Each course lasts twelve weeks. 


During the twelfth week of each quarter final exams are 
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held, The first eleven weeks have the same schedule. 
Normally each course will meet several hours each week 
depending upon the nature of the course. 

Farlier we assigned a node Cy To each course. We 
Shall now introduce nodes with two subscripts to 
differentiate between the hours of a given course. 
Consider a three hour course Cs. Thea vhe-hours or 
nodes associated with these hours are denoted Cs 1? 

Cy a? Cs 3? Ores rip ly Ci yp (=e es.. Livarcourse if 
a one hour course, we shall let j=0. 

In some cases, if there is a large number of 
StuUdenvs takine the Same Course in & given quarter, 
it may be necessary to divide this group into two or 
more subgroups for teaching purposes. These subgroups 
are assigned to take different sessions of the same 
course. These different sessions we shall call segments 
of that Ceurse. We sihadel Tnvieseduce nedes witli Timeee 
subscripts to differentiate between segments of a course. 
In the example above, if course Cy has two segments, then 
Che hourly nodes associated with the course are Cr 44k? 
i denoting the course, j being the hour, and k identifying 
the segment. In this case they are Ca 5,k? jalIn2Zs33 
k=l1,2. If a course only has one segment we shall let 
k=O. 


Now we Let fo FU Les ie. hU font Pfereal 11s aa. 


1, and m. We also consider ie [S42%; ad 


ct 2c = . 4 a “Or 
must attend hour erat and U {Ee 5 rc,2°P nd inst roer so 


section S5 
O° 


ie 


ps is assigned to teach hour sey sesh dat u=U,UU,, then 
we have G=(X,U) as our data graph. We assume that as the 
need for segments arises, the appropriate section to 
segment and segment to professor assignments are made 

by the academic departments. We may thereafter regard 
these segments as different courses. 

Givienoureiyew dabea graph, we define conf liemer im 
exactly the same manner as in Definition 12, except 
thatveweenew aduiow course nodes to hame three subseripinc . 

We now consider the previous example with the 
modifications below, 


(1) Let s, take courses c and the first 


ih 
segment of course c 


sii 5% 
oS 

(2) Let 8 take course c, and the second segment 
of course or 


(3) Courses c Cy, and c, will all be three hour 


- 3 
recitation eourses, 

(4) Course c, will consist of three recitation 
hours and two laboratory hours to be scheduled together. 

(5) Instructor p, will teach both segments of C2. 
In this case, So rar Tce Ornate 1 =e Be 
JaL,2,keLs +6551, Figure 3 illustrates G, the data 
graph. 

Department meetings, instructor research time, 


aviator flight time, and other such periods imposing 


constraints are displayed on the conflict guaphe. lim 


his 





the case of a one hour lecture for all students, we add 
to X a lecture node C1 0.0 for some 1, and to U we add 
edges Fey 9 oS] for all 1. In the case of @ ome hour 
meeting for all professors in a given department, we 


add to X a node c for some k, and to U we add the 


ik, OmO 
set of edges {[ey,0,0°Pa] instructor Ds belongs to 

that department}. Similarly other constraints are 
represented. 

Our data graph is G=(X,U). xX is the set of all 
nodes denoting sections, professors, courses and their 
segments, flights, instructor research, and special hours 
such as department meetings or special lectures. The 
set U consists of all applicable edges. 

Using the above data we must introduce a slightly 
different concept. | 
Definition 16. Given the data graph G=(X,U), a new graph 
G'=(C,U") is called an hourly conflict graph for G, if 
C=fey 5! Co ak 1s a node corresponding to course Cy» 
hour Jj, and segment Kf and wera hours 
Ca 4k and ila have a conflict}. 

Based On our previous example the hourly conflict 


graph is illustrated in Figure 4. 
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neo, 4. Hourly Conflict Graph 

Given a course that meets several times a week, we 
consider now conflicts between the hours of the course 
described above. These hours may be divided into 
recltatmoms Or laboratory work. Kora given course, 
using the =secona subscript, we shall number the recitation 
hours first. For instance, a non-segmented course Cy» 
Iiiviemrolemc Our sic COM olitie ol unree Yreerialions, will 
haweral s* hoursed enotedmcs 


Toi O° ee. 1 ss0"m 1,1. O° 
and C5 5,0? the first three of which correspond to 
3 3 


Cc 


— ; ' ; 
recitations. Note: lo: 5,0°%1n, 01 Oe oie el jfk. 


eli 


We shall restrict our problem somewhat by allowing 
only one recitation per course to be held daily. This 
brings about the following definition: 

Definition 17. If C is the set of all course hour nodes, 


then there exists a daily conflict between Cs j,k and 
3 3 


C1 mn provided: 
€.) er oe 
(ye ken, 
(3) Jn, 
and (4) j and m both correspond to recitation hours. 


We now augment our information regarding conflicts 
by the following: 
Definition 18. If G=(X,U) is the data graph, then 
G't=(C,U'') is calYed thresd@ily conflict pijph for €, if 


i,j,k’ 


i,m,Ko: Ci 4k and Cy om,k have a daily conflict}, 


If we consider our previous example again, we see 


C is the set of all course hour nodes and u''=fE 


Cc 


that Figure 5 below illustrates G'', the daily conflict 


graph. 


Ci2,0 C22,0 C321 Cy22 G20 G50 


4,4 / 





Cio C30 Qi C30 Gai Gar Giz Gar “$0 43,0 Gao 


Fig. 5. Daily Conflict Graph 


Ce 


iimipiice Cachet MaberaLowy bougs.of a course or flight 
hours for aviators, these hours must be scheduled together 
during a given day. To consider this we introduce the 
f Olmbowi nex 
Definition 19. If G=(X,U) is the data graph, then S= 
(C,U''!') is called the sequence graph for G, if C is the 

i ° 

set of all course hour nodes and U!'!'= [osmequies rim, eal 
Cr must be scheduled together with c 
slag) 5 138 
The sequence graph S for our previous example is 


Leansiny 


shown in Figure 6 below. 


Gy 0 Oy, Zo Cs 2, Cr2,2 , ne & 3,0 


@ 


e ’ 9 e ® ° ° c 6 6 
C10 C30 Core G30 Cot C3 Cyne Gre G10 Ga C440 


Fig. 6. Sequence Graph 

We have a data graph which summarizes our input 
information containing all section, course, and instructor 
assignments. The hourly conflict graph G' displays course 
hours which must be scheduled on different hours. The 
daily conflict graph G'!' displays course hours which must 
be scheduled on different days. Our Sequence graph 8S 
indicates which course hours must be scheduled together 
in block form. The problem is to schedule these course 
hours in a five day week. The school allows nine class 


hours per day. 


= 


We will now consider the concept of a color vector 
with two components, the first of which will be a color 
corresponding to the day. The second will correspond to 
the hour within the day. Our problem is to color the 
course nodes of the hourly conflict graph G! so that no 
two a yercennte COauma nodes have the same color vector. 
The coloring of the nodes of G' may be thought of as a 
Simultaneous coloring of all three graphs G', G'', and 
© subject to the following restrictions: 

(1) no two adjacent nodes of G' are assigned the 
Same color vector, 
and (2) no two adjacent nodes of G'' are assigned the 
same day color, 
and (3) adjacent nodes of S are assigned the same day 
colors and sequential hour colors. 

Note: It is sufficient for two color vectors to be 
different when either or both of the corresponding 
components are different. In view of this it is interesting 
to note that satisfying (2) above automatically satisfies 
(1) for the same two nodes. 

In this coloring process we are restricted to five 
day colors since the schedule desired is a weekly 
schedule. In addition, the number of hour colors within 
a day must be restricted to nine. Given a satisfactory 


coloring of the conflict graph, we assign days to the 


24 





day colors and hours: to the hourscolors. The resulting 
schedule meets all the constraints imposed provided 
we have not exceeded the maximum number of colors 


allowable in each case. 


25 


3@ Sime, Coloring Process. 

A. The Algorithm, 

Although we cannot be certain of obtaining the 
chromatic number for a given arbitrary graph, coloration 
solutions may be attained by trial and error methods or by 
linear programming techniques [3J, An algorithm for 
coloring a graph, introduced by Welsh and Powell Bice has 
been used to attempt to solve the vector color problem of 
the Naval Postgraduate School course graph, This 
algorithm is described as follows: 

Let G=(X,U) be an arbitrary graph where X is the set 
of nodes and U the set of edges. Denote the vertices X= 
fa, Led ysee nf, Let the degree of the vertex A, be 
denoted by dss where 1=1,..+6,n. Assume that the vertices 
have been numbered so that their degrees form a non- 
increasing sequence d,2 d,%eee Bd. We now define T,cX, 
Whegeée Ll=lyaseyt. T, is definédeas followa.s 


1b 
(1) A,€ TS , 
aid a2) det i 4¢ iE where ij=l and ii< i548 oe <i. 
for some m, then eee Lies im and only if, 
(2) jai.» 
and (b) [A,.A, a rs U for kal «sm. 
kK 
Note: I ae On 
Similarly we define T,, where Ty © (X-T, ), T, is 


constructed as follows: 


(Ly) Sif 1 iseene edst j nteger for which AF I> 
then A,€ Toe 


26 





Pp 
2) lee tay, ™ To, where J,< Jo<. 2<Iy> then 
if “ame “only 7", 


(a) [>4,- 
and (bd) [Ay A, 1¢ Urwineierk=1,.. 05 
k 


A,é Tt 


ee 


Ie T, =o, we are finished. If not, we construct To (X= 
2 
Ut, ) in the same way as we constructed TS. 
) 
Since X is finite, there will exist a least integer 


Y-/ 
r such that T =o. We note also that UT, =x Sacrmat Lf 
’ 


ieee then TINT =0. We can now assign a different color 


to each The Lf A, 5A ET. ile for some k, sullen [A, 45] 


J 
du. Thus no adjacent nodes will have the same color. 
dime aleoricenm furnishes an upper bound for the chromavic 
number k(G). Thus k(G)€r-l. 

Welsh and Powell further state that 

k(G)€ r-1$max min(i,d, +1) 
Eeeonr Of this ie bound comes from analysis of the 


aleerivhm, Ey Construction, @aaen node bielonging’ to 


(X-T.) is adjacent to a node of T By construction 


1? L 
ms 

we see that each node of’ (X-OT, ) is adjacent to at least 
i 


we yn 
one node of each of | 2,f . Hence, A enue ty) implies 
i d 
d, 2m, 
k* di+t 
Consider (X-UT,). A, cannot belong to this set 
! 


because d, #da,+1, Hence, 
al vs 
itl 
A. 
(1) A,é U }: 
since each = contains at least one element, 


C 
(2) 3" 


Together (1) and (2) above imply that 

(a3) 16U2,, where (PC ann +e 

Let d (G)=max Qi). Then A, €UTC Ur, for all i. 
Setting q=d(G)+l we see that ye Thus for the least 
integer r where To, this algorithm ensures r€q. Hence, 

K(G)$ r-1¥q-1= 9 (G)=max min(i,d,+1). The desired 
inequality is proved. 

The above § (G) provides us with an upper bound for 
the chromatic number of a graph. Berge's[ 2] statement of 
Brooks ! (4] theowen.on col@eing ~mae nodes of a gietmer. 
gives us insight about a lower bound, This statement, 
Simoalified to apply to our problem, 1s as follows: 

Theorem (Brooks). A graph G of maximum degree q where 
q>2 can be colored with q colors except in the case where 
a component of G@ consists of q+tl vertices, each of which 
is joined to the other q vertices, 

The above mentioned component is referred to as a 
complete subgraph of G. In other words, if G contains a 
complete subgraph on m vertices, then k(G)Bm. Thus the 
largest complete subgraph of G sets a lower bound on k(G), 

To illustrate the use of this algorithm in coloring, 


consider the given arbitrary graph in Figure 7 below. 


4. 
Big. ~%. An Arbitrary Graph 


eg 





Numbering of the nodes must be done so that their 
degrees form a nonincreasing sequence. One such 


renumbering is listed below. 


Node Degree Renumbered 
1 3 i 
2 4 Ay 
3 3 Ay 
4, 4, Ay 
5 3 “- 
6 3 Ag 
Figure 8 below illustrates the arbitrary graph with 
nodes relabeled. A, 
Ay A, 
As Ay 
Az 


Fig. 8. Relabeled Arbitrary Graph 

Using the algorithm to form the disjoint sets Ts 
i=1,..4,we see the following: 
T =f) Aot, T= Az Act, PoP! and T,=0. 
To Obtain a satisfactory coloring, we assign the nodes of 
Ty» Ts» and qT. COLORS. lee Sonos wrespeculvely . 

We note from the above that this arbitrary graph is 
baGco Lona Lel bye Lie sai oorl Thm Or ei ntverest is @ comparison 
of this number with the lower and upper bounds of the 


chromatic number for this graph. By observation, the 


ao 


largest complete subgraph has 3 nodes; therefore, the lower 

bound is SP Sinee the~number of colors in cur solwmeien 

equals the lower bound, we deduce that the chromatic 

number is in fact 3. The upper bound of k(G), do (G)=max 

min(i,d,+1)=max41,2,3,4,4,f is 4 for this example. : 
While in general we will not know what k(G) is for an 

arbitrary graph, this algorithm does ensure a p-coloring 


where p< 4(G)=max min (i,d,+1). 
il 
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Be Covering the G@rapr by Color Vectors. 

In coloring our conflict and sequence graphs we are 
restricted to five day colors and nine hour colors per 
day. Flowchart A in the Appendix illustrates the coloring 
procedure and application of the Welsh and Powell algorithm 
to this problem by means of a digital computer program 
uSing Fortran IV language. This procedure is described 
Dbrilerly*in chronological order as follows: 

(1) Section and instructor course assignments are 
read in, 

(2) A course directory is established, 

(3) An indexed list of conflicts is determined based 
on section and wae bewe ven eon ites ! 

(4) Course hour data is read in, 

(5) Course hour nodes are given day colors using an 
arbitrary selection process, 

(6) Course hour nodes for each day are given hour 
colors using the algorithm, 

Data for the program has three forms. First are the 
sections cards containing the section, the number of 
students, the number of aviators for that section, and 
each course taken by that section. To differentiate 
between courses, segmentation and lab designations were 
used. To indicate instructor assignments, data cards were 
used with the same format as on section course assignment 


Cards, inis prececduremsomnelli iced she omputation of 


By 


conflicts between course hour nodes, Flowchart B in the 
Appendix illustrates the read-in and print-out of conflict 
data. 

Flowchart C in the Appendix illustrates the 
compubation.of a course"directory. Hach course is 
associated with an integer, and the integer listing of 
these courses is used for all further computations. This 
course listing is printed out for reference. Included in 
this computation is a random number generator used for 
random reordering of this course directory. Flowchart 
I in the Appendix illustrates RAN the generator function 
used, 

The list of conflietigyls computed nextu. Thies 
Shown in Flowchart D in the Appendix. In the example 
described in Section 2, the directory assumes the 


following form, 


co(Z) i 
COURS1 le 
C OURS2 2 
COURS31 5 
COURS32 4 
COURS4 5 
GOURSHL 6 


COURS31 and COURS32@ are segments 1 and 2 respectively of 
COURS3 and COURS4L is the lab portion of COURS4, The 


conflict list for the above example is shown below, 
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y eee 3 eee el7 
TTD GGT eld oe Olle) 5 1S 
i 1 O23 Stee 10 del OS Wi lSe... 
eT SIME ) 22 a) eles SoG Blew Nodee Seb ee 2... 


The above information is interpreted as follows: 
COURSL whose integer representation is 1 has conflicts 
with COURS2, COURS31, and COURS32, whose integer 
representations are 2, 3, and 4 respectively. The 
conflicts are found by entering the list at index(1) and 
reading all entries up to index(2), where the conflicting 
courses of COURS2 begin. This notation has the advantage 
of requiring less memory space and less print-out space 
than the comparable matrix representation discussed 
earlier, The nonzero elements of the I-th row or 
column of this matrix are listed starting at index(I). 

the list.whieh describes @@mexsconffiets between the 
nodes is ordered so,that the wieazgero elements corresponding 
to the I-th row or column of the matrix form an increasing 
sequence, Flowchart E in the Appendix describes this 
procedure and the print-out of its results. Flowchart 
J in the Appendix displays the subroutine RELIST used in 
this procedure, 

Incidental to the main objective of the program, an 
upper bound for the chromatic number of the course graph 
is computed, During the development of the program it 


served to give an indication of the degree of difficulty 
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to be encountered later in the coloring phase. Flowchart 
F in the Appendix shows the computation of the upper bound 
for this graph using courses’as nodes. 

We next read course hour information into our program, 
in order that day colors may be assigned to the course 
hour nodes. Flowchart G in the Appendix illustrates this 
input and assignment of day colors. Flowchart K describes 
the Subroutine DAYCOL called for assignment of day colors, 
This routine assigns recitation hours of the same course 
different day colors. Bach leb course is recognized ae 
such in order that its hours may be scheduled during the 
same day. A listing with index is compiled as shown, to 
remember these day color assignments. In our example the 


course hour information is as follows: 


ES Cou HOURS 


i) COURSL 3 recitation 
2 COURS2 3 recitation 
3 COURS31 Serecitation 
4 COURS 32 3 recitation 
5 COURS4 3 recitation 
6 COURS4L 2 lab 


Using the above course hour information DAYCOL 


asSigned the day colors in our example as follows: 
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To each day we now apply the coloring algorithm, 
Flowchart H in the Appendix gives the general procedure 
forsthe houmscoloring.. Blowehart.L illustrates the 
HRCOLR subroutine used in that procedure. When labs 
having more than one period are scheduled on any given 
day, the integer representation for that course will 
be repeated for that day. To enable these nodes to 
maintain their separate identities, a renumbering of 
nodes is made, Relative to this new numbering, an indexed 
ist oleconviniens isscomputecdeiwen the master Juict. for 
each particular day. Then the degree of each node is 
determined, Knowing this, the program assigns colors to 
each node according to the coloring procedure described 
earlier. The result is the second or hour component of 
a cOolemeveguor, Having day colors already devermined by 
DAYCOL, the process is complete. 

Using the above program, data from the second 
quarter of the 1967-1968 academic year at the Naval Post- 
graduate School was processed. No special periods such as 


flight hours, instructor research time, or departmental 
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meetings were included in this data. Included were 424 
courses, 403 sections, and 194 instructors, The number 
of comflicts for any courge varied from 90 to 52; however, 
over half of the courses had conflicts ranging from 5 to 
13. 

The number of hour colors required for the five days 
were 9, 8, 10, 10, and 10, To investigate the effect of 
the DAYCOL assignments on the total number of hour colors, 
a random number generator was used to reorder the 
directory of courses prior to the DAYCOL routine in the 
program, Flowchart J in the Appendix illustrates this 
procedure for the given input data set. Table 1 
displays the results of that investigation for 18 runs, 
including the first already mentioned. Each entry is 
the total number of hour colors for a particular run 
and day color, 

None of the runs, which averaged about 7 minutes oe 
IBM 360/67 time, gives the acceptable nine or less hour 
colors ror alidays. Column 6 of the vabie imdicates tne 
number of acceptable days for each run. Runs 32 and 18 
were the best in this category having 3 each, Runs 1, 
15, and 17 had 2 acceptable days each. All others had 
one or less. Column 7 of the table indicates the number 
of hour colors exceeding 9 each day, summed over the five 


days for each run, 
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4, Goneluctones 

While no acceptable coloring solution has been found 
directly from the described program, several program runs 
are sufficiently close to indicate that modifications in 
the coloring technique may in fact give a satisfactory 
solution where an acceptable trial and error solution is 
known to exist. The known solution, hand generated from 
the same data with all constraints taken into account, 
used nine periods for each of the five days, Coloring runs 
1 and 18, Table 1, both came within 3 periods or hour 
cOlmmes of conalling tGhesnumber of periods required within 
one week, Runs 3, 12, and 17 were also noticeably close 
to a solution, 

In this case where a solution is known to exist, the 
results obtained must be attributed to the coloring 
technique applied. With an acceptable solution in mind, 
we see that any coloring algorithm or technique which yields 
nine or less hour colors per day is a satisfactory pro- 
cedure, Changes in the present program in DAYCOL or in 
the algorithm itself could improve results, One such 
change in the algorithm may be the following: 

Ty can be determined by the Welsh and Powell algorithm, 
The set of nodes in T is then removed from the graph, 
together with the associated edges. The remaining sub- 
graph is treated as a new graph, and the Welsh and Powell 


is reapplied to find the set T etc. 


Oye 


Sit 


Also a change, which should be considered, isa 
coloring program where the day and hour colors, dependent 
upon one another, are assigned together. This involves 
combining the functions of DAYCOL and HRCOLR, with what- 
ever algorithm used, into a program operating on a total 
conflict graph rather than separate hourly and daily 
graphs, 

Another observation concerning our schedule problem 
can be made. Given arbitrary data, we may question the 
existence of any schedule solution. A solution to the 
presently unsolved problem of determining the chromatic 
number for an arbitrary graph will indicate if a schedule 


solution is in fact possible. 
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APPENDIX 
GENERAL COLORING PROCEDURE 


FLOWCHART A 
Pray ECTION VS. COURSE DETERMIN 
AND INSTRUCTOR VS. COURSES CONFLICT 
DATA LISTING 
ASSIGN DAY COLORS READ IN 
ARBITRARILY USING COURSE HOURS 
DAYCOL DATA 
ASSIGN HOUR COLORS PRINT COLOR VECTORS 
BY ALGORITHM AND NUMBER OF COLOR | 
2COLR REQUIRED : 





READING CONFLICT DATA 
FLOWCHART B 


DIMENSION KX,INDEX,LIST,KD,NC, INDEXD, 

LISTD , IS ,NCOL, INDEXH ,LISTH ,R 

REAL*8 C,S,CC ,BLANK ,D,YKQ 
0 





RITE (6,12) ICl WRITE (6,13) (9(1),(C(1,J), 
RITE (6,12) 1C3 J 1,9) ,Is1,1C3) 
12 FORMAT (5X15) 13 FORMAT (5X.A5.4X.9(1X.A7)) 


4S 


COMPUTING COURS LisT 
FLOWCHART C 


















K PSO 
DO 18 Ke1,N 






N#N+1 | 
C(KN)SC(I,J} 
KX( I,J )S KN 












ICzIC2- 
DO 110 
Tei 










DO “300 Iz] .1C2 
100 R(T )= RAN( IP) 











DO 106 I#1,IC2 
DO 104 J21,1C3 
DO 102 K=1,9 












Gt meee lok 
CC( JK JS YKQ 
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WRITE WRITE (6,32) (1,CC(1) 
WRITE (6° 74 {CKx Isl1,IC2) 32 FORMAT 
16 FORMAT (5X,619 (5%, 15,2X.A 
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COMPUTING CONFLICT LISTING 
FLOWCHART D 










TNS INDEX( LI 





INDEX(IC2¢1)=M 
Mrs M=-1 
IC2PlsIC2¢1 






DO 24 I 1,1C2P1,6 
II2I+5 
f 






RITE (6 
23 FORMA 


eee” 


23) (K,INDEX(K) ,K=I,II 
(12(4X, 14) ) 
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a 





REORDERING CONFLICT LIST 
FLOWCHART E 


ALL RELIST D0 3 I21,IC2P1,6é 
(LIST , INDEX IP521+5 (3) 
Ge) RITE (6,23) (K,INDEX(K) ,K2I,IP5 


DO & I=1,MF,6 
IP5sI+#5 
RITE (6,23) (K,LIST(K) ,K#I,IP5) 






i 


COMPUTING UPPER BOUND 
FLOWCHART F 







INDEX(1G2¢])=M 
DO 40 Isl. 1C2 
O KD(1I)2 INDEX (I+1)=INDEX(1) 









DO 51 I=1,1c2 
D( I 









KQsKD(I1) 
D(I)=MAX 
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READING IN COURSE HOURS AND COMPUTING DaY COLORS 
FLOWGHART G 







10000 READ (5 
Js] io 65 FOR- 
X As7io2 WeagHeRIOT ) ) 


ie 
Ot 
\O Ae 













eae (6 


66) 
D (C1 J, Jou), 


J21.9 
x "4 





3 NC(M,L)=1IS(M) 


Sigs 


1p oye! 


RITE (6,12) 


WRITE 
(K INDEX (k) K21.6 


ue 


COMPUTING HOUR COLORS 
FLOWGRAPH H 


CALL HRCOLR (LIST ,INDEX RITE (6,8) 
INDEXD ,LISTD , INDEXH, (NCOL(I) ,I=1,5) 
LISTH ,NCOL) 8 FORMAT (5(5X,15)) 









7] 


wR 52 
(K INDEXA(K} K21.6) 


50 


FUNCTION RAN(I) 
FLOWCHART I 


eat 


2147483647 


FUNCTION RAN(I) 
I=1*65539 








oye 


SUBROUTINE RELIST 
FLOWCHART J 







DIMENSION 
LIST 
INDEX 


SUBROUTINE 
RELIST 
LIST , INDEX ,IC2 













INSINDEX(I+1)-L 
IMFINDEX(I)+1 


oa N2=LIST(K | 
K 


JK= 





KQ2LIST(J—1) RETURN 
LIST(J-1)= MIN (i) t» 
LIST( JK )=2 KQ END 


De 


SUBROUTINE DAYCOL 
FLOWGRAPH K 










DIMENSION MA,ND,NC, 
NDEXD , LISTD 
nae ND /0/,MA/0/ 


UBROUTINE DAYCOL 
(NC ,IC2,INDEXD ,LISTD ,NTOTC) 














DO 14 K=1,1N 
ND(LD)=ND(LD)#1 
MA(LD ,ND(LD) )=I 





ai5) 


SUBROUTINE HRCOLR 
FLOWCHART L 
SUBROUTINE HRCOLR (INDBX,LIST, INDEXD,LISTD,NCOL, IN. 


DEXH ,LISTH) DIMENSION INDEX,LIST, INDEXD,LISTD , INDEXH 
LISTH ,NN, INDEXC , LISTC ,KD,KK,NZZ,NCOL,LISTT ,NNZ ,NNZZ 





DO 91 Iz1,6000 INDEXH(1)=1 
LISTC(I)26 


91 LISTHsO 






INDEXC (K)2L 
IM)2 INDEX(NN(K) ) 
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WRITE (6,23 
INDEXC (KJ ,K=J 
23 FORMAT (12 


K, 
JP5) 
(4X5 14) 





WRITE (6,23) 
(kK ,LIstclk), 
K=J,JP5) 















D( Jd )=INDEXC ( Je] 
“INDEXC (J) 
Ki J)2J 


AXSKD(J) 
Ke J 
Jtd+ 













DO 35 J=1.M,6 


KQ d 
KK (J )SKK(JK JP52d+5 WRITE (6.2 —>+35)-> 
KK (JK)3KQ 6) (KKK UR) KzJ dpe} 










NZM1SNZ-1. 


DO 8g] Ks] .NZM} 





De 













LISTT (KK (Jd 
NLZZ(NZ )eJ 
NNZZ(NCO ,NNZ(NCO) )SKK(J) 


NZS NZ] 
NNZ(NCO)#NNZ(NCO)+ 
Mls LNDEaC(KK(J) 
























T22 INDEXC (KK (J1 
22 INDEXC (KK (JL) 
~ IN2=NNZ NCO - 
DO 80 J221, IN2 






ZZ(NCO ,NZZ 


NCO(I)=NCO- 
onal Sole ‘ 


Li= ] 
DO 50 JsIM,I 









LISTH(J) 
LISTE (LL) 





LISLL+ 
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